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Abstract During the microstructural analysis of weakly cemented sandstone, the granule components and ductile struc-

tural parts of the sandstone are typically generalized. Considering the contact between granules in the microstructure of

weakly cemented sandstone, three basic units can be determined: regular tetrahedra, regular hexahedra, and regular

octahedra. Renormalization group models with granule- and pore-centered weakly cemented sandstone were established,

and, according to the renormalization group transformation rule, the critical stress threshold of damage was calculated. The

results show that the renormalization model using regular octahedra as the basic units has the highest critical stress

threshold. The threshold obtained by iterative calculations of the granule-centered model is smaller than that obtained by

the pore-centered model. The granule-centered calculation provides the lower limit (18.12%), and the pore-centered model

provides the upper limit (36.36%). Within this range, the weakly cemented sandstone is in a phase-like critical state. That

is, the state of granule aggregation transforms from continuous to discrete. In the relative stress range of 18.12%– 36.36%,

the weakly cemented sandstone exhibits an increased proportion of high-frequency signals (by 83.3%) and a decreased

proportion of low-frequency signals (by 23.6%). The renormalization calculation results for weakly cemented sandstone

explain the high–low frequency conversion of acoustic emission signals during loading. The research reported in this paper

has important significance for elucidating the damage mechanism of weakly cemented sandstone.
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1 Introduction

The Ordos and Yulin areas of western China exhibit typical

lithologies for the region, with the strata mainly composed

of weakly cemented Jurassic sandstone. On the micro-

scopic scale, weakly cemented sandstone consists of three

components: granules, cementation, and pores. The

proportion of particulate matter in weakly cemented

sandstone is 85.75%, and the proportion of cementitious

material is 9.4%. The granules are mainly aggregated by

compaction and cementation, and the granule skeleton of

cemented material with similar functions can be described

from its macrostructure to its microstructure (Ji et al.

2018). By analyzing the mineral composition of weakly

cemented sandstone, it appears that the cemented material

is mainly composed of argillaceous cement, has low

strength, and is not resistant to pressure or tension ( Liu and

Qin 2019). There is no single characteristic scale for

weakly cemented sandstone, whether it fails via the

destruction of the cemented minerals or theformation of

macroscopic fractures. Therefore, weakly cemented sand-

stone can be classified as a particulate material (Song et al.

2018a, b). When analyzed from the macroscale, there must

be a certain stability threshold that can describe the

& Zhaoyang Song

szhaoyang123@126.com

1 Beijing China Coal Mine Engineering Company Limited,

Beijing 100013, China

2 School of Civil and Resource Engineering, University of

Science and Technology Beijing, Beijing 100083, China

3 School of Mining and Geomatics, Hebei University of

Engineering, Handan 056038, China

123

Int J Coal Sci Technol (2020) 7(4):693–703

https://doi.org/10.1007/s40789-020-00315-2

http://crossmark.crossref.org/dialog/?doi=10.1007/s40789-020-00315-2&amp;domain=pdf
https://doi.org/10.1007/s40789-020-00315-2


behavior of a group of cemented granules. After weakly

cemented sandstone has been subdivided at several scales,

each part can be scaled and compared with the original, and

the two will appear similar. That is, the part and the whole

are similar in form, function, and information. Therefore,

weakly cemented sandstone has the property of self-simi-

larity, which is the most important physical feature con-

sidered in the renormalization group method (Ji 2004).

During the loading process of weakly cemented coarse-

grained sandstone, the microcracks of the microstructure

expand as a fractal structure (Liu et al. 2019). In the critical

damage state, the crack penetration of cemented sandstone

is scale invariant. That is, the critical damage has the same

destructive properties at different scales. Therefore, the

renormalization group method is suitable for the analysis of

weakly cemented sandstone materials.

To a certain extent, the complexity of geotechnical

material problems is due to the structural properties of the

geomaterials. Physically, the macroscopic mechanical

scale and microstructural scale of weakly cemented sand-

stone are interdependent. However, the corresponding

physical properties change with the scale. The relations

among the physical properties of weakly cemented sand-

stone at different scales are a key topic of study. The

renormalization group method has an important role in this

research. The concept of the renormalization group origi-

nated from quantum field theory. To address the divergence

problem in quantum field theory, a renormalization method

was developed to avoid singularities (Weinberg 1995).

Wilson (1971a, b) used the renormalization group method

to study continuous phase transitions, and found that the

self-similarity exhibited by the system at different scales

near the critical point could be described by the renor-

malization group method (Goldenfeld 1992). This discov-

ery provides a more reasonable and effective theoretical

expression for continuous phase transition, as well as a

more direct physical basis for the renormalization group

method. Previous studies have shown that particulate

materials exhibit extremely complex mechanical behavior

during loading and important properties appear in the

critical states (Casagrande 1936). The concept of critical

states was established a long time ago. Although most

scholars still describe critical states from a macroscopic

perspective, some important results have been obtained

from the perspective of the microstructure. Rothenburg and

Kruyt (2004) used the coordination number (the number of

contacts around each granule) to characterize the micro-

scopic critical state of particulate material, and studied the

effect of the granule surface friction coefficient on the

critical coordination number (the coordination number at

the critical state). Zhang and Qin (2008) and Qin and

Zhang (2010) used the contact valence bond (the number of

sides of each pore cell) to characterize the microscopic

critical state, and noted that the parameters characterizing

this state depend on the microscopic properties of the

granules, such as the granule shape, surface friction prop-

erties, initial pore ratio, and granule confining pressure.

Renormalization groups can be used to address problems

involving multiple length scales, whereby the renormal-

ization group method processes the problem step by step,

with each length scale representing a single step. The

technical problem is the statistical averaging of thermal

fluctuations for all scales. The renormalization group

method has been applied to phase transitions, and scholars

have established the renormalization group method for this

critical phenomenon (Gao et al. 2009). Using the renor-

malization group method, the relationship between the self-

organized characteristics of the rock failure process and the

brittle rock deformation mechanism and permeability can

be studied. The critical criteria for elucidating the

microstructural evolution of soft rock are descriptions of

the water softening process and the fractal and percolation

evolution characteristics during rock damage, which pro-

vide the essential correlation between the percolation and

damage during soft rock damage (Zhou et al. 2015; Li et al.

2019).

In summary, the renormalization group method is an

effective means of studying the critical eigenvalues of

geomaterials. In this paper, by analyzing the microstructure

of weakly cemented sandstone, the granular and cemented

components are determined; the three basic unit forms of

regular tetrahedra, regular hexahedra, and regular octahe-

dra are established; and a renormalization group model of

weakly cemented sandstone is developed. The critical

stress threshold for weakly cemented sandstone damage is

studied, and the results effectively explain the conversion

between high- and low-frequency signals of acoustic

emissions during the weakly cemented sandstone loading

process.

2 Establishing a renormalization group model
for weakly cemented sandstone

2.1 Renormalization transformation method

When a research material exhibits good similarity, the

mode of the renormalization transformation is relatively

fixed. Thus, the transformation manner is the same across

all scales, making the transformation relatively simple

(Zhou et al. 2015).

Taking a material system as the research object, obser-

vations are carried out at scale l1 to obtain a certain

physical quantity T1 of the system; when the scale is

increased to l2, the corresponding physical quantity of the
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system changes from T1 to T2 via a nonlinear transforma-

tion. This change can be expressed as follows:

T2 ¼ f T1ð Þ ð1Þ

As the scale increases,

Tnþ1 ¼ f Tnð Þ n ¼ 1; 2; 3. . .ð Þ ð2Þ

According to Wilson’s assumption (Wilson 1971a, b),

fi � fi ¼ fiþj, and fi ¼ I;where i; j ¼ 1; 2; 3. . ..

Then

Tnþ1 ¼ fn T1ð Þ n ¼ 1; 2; 3. . .ð Þ ð3Þ

When n is sufficiently large, the following can be

obtained according to renormalization theory:

Tc ¼ fn Tcð Þ ð4Þ

That is, Tc is a nonlinear fixed point.

Iterating around the fixed point, there are two main

cases: (1) the calculated value is farther from the fixed

point after iteration; (2) after iteration, the calculated value

is closer to the fixed point. The former reflects an unsta-

ble fixed point, whereas the latter reflects a stable fixed

point. The critical point of a critical phenomenon is the

unstable fixed point (He et al. 2010).

2.2 Establishment of renormalization group model

for weakly cemented sandstone

The microstructure of weakly cemented sandstone was

obtained by scanning electron microscopy, and the test

results are shown in Fig. 1. In Fig. 1, the granules of the

weakly cemented sandstone have different contact modes

(such as face contact, occlusal contact, point contact, pore

contact, and cementation contact), and the cementation is

mainly clay minerals. Previous studies have shown that the

strength of weakly cemented sandstone depends on the

strength of the cemented material (Song and Ning 2018). A

stronger cementitious material in the rock results in higher

rock strength, and vice versa. The microstructure of the

weakly cemented sandstone acts as a skeleton, and the clay

mineral content acts as cement (Song et al. 2018a, b).

Moreover, similar granule-forming skeletons and cement-

ing materials can be found in both the microstructure and

macrostructure of weakly cemented sandstone. Therefore,

the basic unit of the renormalized group model of weakly

cemented sandstone can be established.

In the process of scale change, it is assumed that the

substances acting as the skeleton and cement can always be

identified, and that only the basic unit of the upper scale

undergoes cement failure. During the loading process of

weakly cemented sandstone, the granular units are rigid,

and the cemented units undergo compressive, tensile, and

shear failure. This causes the structural elements to be

displaced, resulting in structural changes of the weakly

cemented sandstone. The structural changes of weakly

cemented sandstone cause the fracture of the rock sample.

However, fracturing of the rock sample can be classified as

a stability problem or a phase transition problem in the

material of the rock skeleton (Song 2017; Wei 2012).

Based on the above analysis of the contact mode and

type of granules within the microstructure of weakly

cemented sandstone, the microstructural components were

determined to have the form shown in Fig. 2. In this figure,

the composite component of the weakly cemented sand-

stone microstructure comprises two rigid granule units and

one cementing unit.

In the three-dimensional infinite space, only regular

tetrahedra, regular hexahedra, and regular octahedra can

construct a variety of solids and exhibit translational

symmetry, as dodecahedra and icosahedra cannot be

stacked into crystals. In this paper, based on the component

unit and different combination modes, the basic units of the

granule- and pore-centered renormalization models are

constructed.

The basic units of the granule-centered renormalization

model for weakly cemented sandstone are shown in Fig. 3.

As shown in Fig. 3a, the basic structural unit in the form of

a regular tetrahedron is composed of one granular member

and nine clay structural members. As shown in Fig. 3b, the

basic structural unit of the regular hexahedron consists of

one granular member and six clay structural members. As

The point contact The pore contact

The occlusal contact

The face contact

The cementation contact

The contact state 
between granules

Fig. 1 Microscopic structure of weakly cemented sandstone
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shown in Fig. 3c, the basic structural unit of the regular

octahedron is composed of one granular member and eight

clay structural members.

The basic units of the pore-centered renormalization

model for weakly cemented sandstone are shown in Fig. 4.

As shown in Fig. 4a, the basic structural unit of the regular

tetrahedron is composed of four granule members and six

clay members centered on the pores. As shown in Fig. 4b,

the basic structural unit of the regular hexahedron is

composed of eight granular members and 12 clay members

centered on the pores. As shown in Fig. 4c, the basic

structural unit of the regular octahedron is composed of six

granular members and 12 clay members centered on the

pores.

The basic units are combined at different scales to

establish a renormalized group model of weakly cemented

sandstone, as shown in Fig. 5.

2.3 Renormalization model variation rules

for weakly cemented sandstone under load

conditions

To simplify the calculation, the renormalization model

makes the following assumptions: � the renormalization

model is isotropic; ` the failure probabilities of the cement

components are equal at the same scale.

The weakly cemented sandstone is characterized by

internal micro-cracks that extend through the fractal

structure, causing instability. As shown in Figs. 3 and 4, the

ductile structural parts of the microstructural units of the

weakly cemented sandstone are destroyed, and the sym-

metrical structure is seriously altered, which directly leads

to structural instability. That is, the crack penetrates along

the surface of the granules, and the granules are prone to

spall. The specific rules of the weakly cemented sandstone

renormalization transformation are shown in Figs. 6 and 7.

The granule-centered microstructural unit transformation

rules for weakly cemented sandstone are shown in Fig. 6,

The rigid granule unit
The cementing unit

The rigid granule unit

Fig. 2 Basic components of the microstructure of weakly cemented

sandstone

(a) Regular tetrahedron     (b) Regular hexahedron     (c) Regular octahedron 

Fig. 3 Granule-centered microstructural units of the weakly cemented sandstone: a regular tetrahedron, b regular hexahedron, c regular

octahedron

(a) Regular tetrahedron       (b) Regular hexahedron       (c) Regular octahedron 

Fig. 4 Pore-centered microstructural units of the weakly cemented sandstone: a regular tetrahedron, b regular hexahedron, c regular octahedron
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and the transformation rule of the microstructural units

centered on pores is shown in Fig. 7.

3 Calculation of the damage critical stress value
of weakly cemented sandstone

3.1 Damage threshold of the granule-centered

model

According to the renormalization group model and trans-

formation rules of weakly cemented sandstone, the damage

types of the basic elements in the renormalization group

model are calculated. The types of failure of the weakly

cemented sandstone with granule-centered structural units

are presented in Table 1.

Taking a regular hexahedral structural unit as an

example (as shown in Fig. 6b), the basic unit is composed

of six cement members and one skeleton member, wherein

the cement member may exhibit 0–6 kinds of damage.

According to the rules and probability calculations of the

renormalization changes, when the ductile structural

members are destroyed by 0–2 kinds of damage, the unit

has no failure types. When the ductile structural member is

destroyed by three kinds of damage, the number of failure

types of the unit is

(a) Regular tetrahedron       (b) Regular hexahedron       (c) Regular octahedron 

Fig. 5 Renormalization group models of the weakly cemented sandstone: a regular tetrahedron, b regular hexahedron, c regular octahedron

Transformation rule: When at least 3 
cementing units are broken, it is 
considered that the crack penetrates 
along the particles and appears as 
damage of the cement member at the 
next level.

 (a) Regular tetrahedron  

Transformation rule: When at least 3 
cementing units are broken, it is considered 
that the crack penetrates along the particles 
and appears as damage of the cement 
member at the next level.

(b) Regular hexahedron  

Transformation rule: In each group of 4 
cementing units, when at least 3 units 
are broken, the damage of the 
cementing units is considered, and the 
damage of the cement member is 
exhibited at the next level.

Representing the 
failure of a cementing 

unit
 

(c) Regular octahedron 

Fig. 6 Destruction rule of granule-centered microstructural units of the weakly cemented sandstone: a regular tetrahedron, b regular hexahedron,

c regular octahedron

Study on the critical stress threshold of weakly cemented sandstone damage based on the… 697

123



C1
3C2

2C1
2C1

2 þ C1
3C1

2C1
2C1

2C1
2 ¼ 60 ð5Þ

When there are four kinds of damage to the structural

ductile parts, the number of failures of the unit is

C1
3C2

2 þ C1
3C1

2C1
2C1

2 ¼ 27 ð6Þ

When there are five kinds of damage to the ductile

structural member, the number of failure types of the unit is

C1
3C1

2 ¼ 6 ð7Þ

When the ductile structural member is broken by six

kinds of damage, there is one type of failure of the unit. A

total of 94 failure types causing unit destruction are

obtained. Using the mathematical combination method, the

types of damage of regular tetrahedral structural units and

Transformation rule: The basic model is divided into 3 
groups, a total of 12 cementing units. When at least 2 
cementing units are destroyed, the cracks are considered 
to be penetrated along the particles, and at the next 
level, the deformation of the cemented members is 
observed.

(a) Regular tetrahedron 

Transformation rule: The basic model is divided 
into 3 groups, a total of 12 cementing units. When 
at least 3 cementing units are destroyed, the 
cracks are considered to be penetrated along the 
particles, and at the next level, the deformation of
the cemented members is observed.

(b) Regular hexahedron 

Transformation rule: The basic model is divided 
into 3 groups, a total of 12 cementing units. When at 
least 3 cementing units are destroyed, the cracks are 
considered to be penetrated along the particles, and 
at the next level, the deformation of the cemented 
members is observed.

(c) Regular octahedron 

Fig. 7 Pore-centered microstructural units of weakly cemented sandstone: a regular tetrahedron, b regular hexahedron, c regular octahedron

Table 1 Failure types of granule-centered microstructural units in weakly cemented sandstone

Regular tetrahedra Regular hexahedra Regular octahedra

Number of pieces of

ductile structural units that

undergo damage

Number of

types of damage

to the unit

Number of pieces of

ductile structural units that

undergo damage

Number of

types of damage

to the unit

Number of pieces of

ductile structural units that

undergo damage

Number of

types of damage

to the unit

0 0 0 0 0 0

1 0 1 0 1 0

2 0 2 0 2 0

3 219 3 60 3 56

4 234 4 27 4 106

5 234 5 6 5 56

6 222 6 1 6 44

7 72 – – 7 8

8 18 – – 8 1

9 1 – – – –

Total 1000 Total 94 Total 271
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regular octahedral structural units can also obtained in

Table 1.

It is assumed that the probability of failure of the initial

cement member is Q and that the probability that the

cement member is not destroyed is 1-Q. The probability of

unit destruction at the first-order scale of the hexahedral

structure is

Q1 ¼ 60Q3 � 1 � Qð Þ3þ 27Q4 � 1 � Qð Þ2þ 6Q5

� 1 � Qð Þ1þQ6 ð8Þ

Equation (8) can be rearranged to obtain

Q1 ¼ �38Q6 þ 132Q5 � 153Q4 þ 60Q3 ð9Þ

According to renormalization group theory, the unit

destruction probability can be written at scale ln as

Qn ¼ �38Q6
n�1 þ 132Q5

n�1 � 153Q4
n�1 þ 60Q3

n�1 ð10Þ

When n is sufficiently large, there is a fixed point Qn

such that

Qn ¼ Qn�1 ð11Þ

Equations (10) and (11) were combined and solved in

MATLAB. The calculation results are shown in Fig. 8.

According to the results, the fixed points are 0, 0.1609, and

1. In the same way, the fixed points of the granule-centered

regular tetrahedron and regular octahedron models were

determined, and the results are shown in Fig. 9.

When the absolute value of the slope of the fixed point is

less than unity, the iteratively calculated value will be

closer to the fixed point, indicating a stable fixed point.

When the absolute value of the slope of the fixed point is

greater than unity, the iteratively calculated value will

increasingly deviate from the fixed point, indicating an

unstable fixed point. Unstable motion is the critical point of

the damage state. Therefore, from the above solution

process and Figs. 8 and 9, the fixed points of the granule-

centered renormalization model of the weakly cemented

sandstone were obtained, and the results are presented in

Table 2.

0 0.2 0.4 0.6 0.8 1.0 1.2 1.40

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

0.1609

1.0

The slope of this point 
on the curve has an 
absolute value of 3.10 .0.2

QnƒQn-1=

QnQn-1=

Qn-1

Q
n

Fig. 8 Solution of the fixed points for the granule-centered regular

hexahedron

0.0834
The slope of this point on  
the curve has an absolute 
value of 2.15. 

1.0

2.5

2.0

1.5

1.0

-0.5

0.5

0

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

QnƒQn-1=

QnQn-1=

Qn-1

Q
n

(a) Regular tetrahedron 

0.1812

 The slope of this point 
on  the curve has an 
absolute value of 2.33.

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

QnƒQn-1=

0.8

0.6

0.4

0

0.2

1.4

1.2

1.0
1.0

QnQn-1=

Qn-1

Q
n

(b) Regular octahedron 

Fig. 9 Solution of the fixed points in the granule-centered regular

hexahedron and regular octahedron

Table 2 Absolute values of the slopes of fixed points in different

granule-centered structures

Structural units Fixed point Absolute value of the fixed point

Regular tetrahedron 0.0834 2.15

Regular

hexahedron

0.1609 3.10

Regular octahedron 0.1812 2.33
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3.2 Damage threshold of the pore-centered model

According to the renormalization group model and trans-

formation rules of weakly cemented sandstone, the damage

types of the basic elements of the renormalization group

model were calculated. The failure types of weakly

cemented sandstone with pore-centered structural units are

listed in Table 3.

Taking a regular hexahedral structural unit as an

example (as shown in Fig. 7b), the basic unit is composed

of 12 cement members and eight skeleton members,

wherein the cement member exhibits 0–12 kinds of dam-

age. According to the rules and probability calculations of

the renormalization changes, the calculation method is the

same as for the body element failure type of the positive

six-sided surface in Table 1, and the mathematical com-

bination algorithm is adopted. A total of 2765 failure types

that cause unit destruction are obtained.

It is assumed that the probability of failure of the initial

cement member is P and that the probability that the

cement member is not destroyed is 1-P. The probability of

unit destruction at the first-order scale of the hexahedral

structure is

P1 ¼ 12P3 1 � Pð Þ9þ99P4 1 � Pð Þ8þ360P5 1 � Pð Þ7

þ 216P6 1 � Pð Þ6þ792P7 1 � Pð Þ5þ495P8 1 � Pð Þ4

þ 220P9 1 � Pð Þ3þ66P10 1 � Pð Þ2þ12P11 1 � Pð Þ
þ P12

ð12Þ

Equation (12) can be rearranged to obtain

P1 ¼ �27P12 þ 108P11 � 144P10 þ 64P9 � 27P8 þ 72P7

� 48P6 � 9P4 þ 12P3

ð13Þ

According to the renormalization group theory, the unit

destruction probability can be written at scale ln as

Pn ¼ �27P12
n�1 þ 108P11

n�1 � 144P10
n�1 þ 64P9

n�1 � 27P8
n�1

þ 72P7
n�1 � 48P6

n�1 � 9P4
n�1 þ 12P3

n�1

ð14Þ

Table 3 Failure types of pore-centered microstructural units in weakly cemented sandstone

Regular tetrahedron Regular hexahedron Regular octahedron

Number of pieces of

ductile structural

damage

Number of types of

damage to the unit

Number of pieces of

ductile structural

damage

Number of types of

damage to the unit

Number of pieces of

ductile structural

damage

Number of types of

damage to the unit

0 0 0 0 0 0

1 0 1 0 1 0

2 27 2 0 2 0

3 60 3 12 3 12

4 30 4 99 4 99

5 12 5 360 5 360

6 1 6 708 6 708

– – 7 792 7 792

– – 8 495 8 495

– – 9 220 9 220

– – 10 66 10 66

– – 11 12 11 12

– – 12 1 12 1

Total 130 Total 2765 Total 2765

0.3636

The slope of this point 
on  the curve has an 
absolute value of 2.24

1.0

PnƒPn-1=

Pn-1=Pn

0.8

0.6

0.4

0

0.2

1.2

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
Pn-1

Pn

Fig. 10 Solutions to the fixed points of the pore-centered regular

hexahedron
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When n is sufficiently large, there is a fixed point Qn

such that

Pn ¼ Pn�1 ð15Þ

Equations (14) and (15) were combined and solved in

MATLAB. The calculation results are shown in Fig. 10.

According to the results, the fixed points are 0, 0.3636, and

1. In the same way, the fixed points of the pore-centered

regular tetrahedron and regular octahedron models were

determined, and the results are shown in Fig. 11.

When the absolute value of the slope of the fixed point is

less than unity, the iterative calculated value will be closer

to the fixed point, indicating a stable fixed point. When the

absolute value of the slope of the fixed point is greater than

unity, the iteratively calculated value will increasingly

deviate from the fixed point, indicating an unstable fixed

point. Unstable motion is the critical point of the damage

state. Therefore, from the above solution and Figs. 10 and

11, the fixed points of the pore-centered renormalization

model of weakly cemented sandstone were obtained, and

the results are presented in Table 4.

4 Discussion

With the pore-centered and granule-centered renormaliza-

tion models, the critical value of the damage of weakly

cemented sandstone during the loading process was cal-

culated. However, the combination of granules in weakly

cemented sandstone is a collection of multiple structural

forms. In this study, different critical stress thresholds were

obtained with regular tetrahedral, hexahedral and octahe-

dral structural models. Therefore, a rational and scientific

definition of the critical stress threshold of weakly

cemented sandstone is possible.

According to the physical meaning, assumptions, and

failure rules of the weakly cemented sandstone renormal-

ization group models, destruction only occurs in the

cemented matter between the granules. When the weakly

cemented sandstone reaches the point of critical damage,

the granules are still in continuous contact, and static

friction only occurs between the granules. At this time, the

skeleton structure, which is composed of granules, still has

a certain bearing capacity. When the weakly cemented

sandstone is loaded, damage accumulates continuously,

and the destruction of the cemented material changes the

granule state in the microstructure of the weakly cemented

sandstone, thus changing the microstructure system.

Therefore, during the loading process, the granule aggre-

gation state is considered to transform from a continuous

state to a discrete state. This process is called the critical

phase transition of weakly cemented sandstone.

According to the calculation results, the upper limit

given by the pore-centered model and the lower limit given

by the granule-centered model are selected to provide the

interval of the critical phase transition state for weakly

cemented sandstone. This interval is 0.1812–0.3636.

According to this definition, when the degree of damage of

weakly cemented sandstone is less than 18.12%, the state
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Fig. 11 Solution of the fixed points of the pore-centered regular

hexahedron and regular octahedron

Table 4 Calculated solutions to the fixed points in the pore-centered

microstructural units of weakly cemented sandstone

Structural units Fixed point Absolute value of the fixed point

Regular tetrahedron 0.03983 1.43

Regular

hexahedron

0.36360 2.24

Regular octahedron 0.36360 2.24
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of granule aggregation is continuous; when the degree of

damage is greater than 36.36%, the local granules in the

shear zone have become discrete. In this state, due to the

action of the external pressure, the granules inside the

weakly cemented sandstone remain in contact, and the

sample is in a metastable state. Although the sample has a

certain load-carrying capacity at this time, it is extremely

sensitive to vibration or disturbance, and a slight strain (De)
is likely to cause macroscopic cracking.

A previous study identified the characteristics of the

frequency band of the acoustic emission signal during the

damage of weakly cemented sandstone as a function of

stress (Zeng and Li 2017). High-low frequency conversion

occurs in the acoustic emission signal during the loading of

weakly cemented sandstone. Among the signals, the pro-

portion of low-frequency signals in the acoustic emission

decreases, while the proportion of high-frequency signals

increases. The specific results are presented in Fig. 12. As

shown in the figure, in the relative stress interval from

18.12% to 36.36%, the proportion of high-frequency

acoustic emission signals increased by 83.3%, and the

proportion of low-frequency signals decreased by 23.6%.

The experimental results are in good agreement with the

calculation results obtained by the renormalization group

method. Therefore, the calculation results of the renor-

malization group method of weakly cemented sandstone

effectively explain the high-low frequency conversion of

acoustic emissions during the loading process.

As shown in Fig. 12, in the first phase, the relative stress

is less than 18.12%, and the pores or defects in the

microstructure of the weakly cemented sandstone change

slightly; the emitted acoustic emission signals are mainly

low-frequency signals. In the second phase, the relative

stress ranges from 18.12% to 36.36%. In this stage, the

cemented material in the microstructure of the weakly

cemented sandstone is gradually destroyed, and the contact

state of the granules changes from the cemented state to the

discrete state. In the third phase, the relative stress is

greater than 36.36%. The contact between the granules in

the microstructure of the weakly cemented sandstone is

rapidly reduced, the intrinsic failure mode of the sample

changes, and slip and displacement occur between the

granules, resulting in the generation of macroscopic cracks.

At the same time, the proportion of high-frequency signals

released reaches 31.9%, with the proportion of low-fre-

quency signals remaining at 66.8%. In this phase, the

damage rate of the rock sample intensifies, and its structure

changes from stable damage to unsteady damage until it is

completely destabilized.

5 Conclusions

By analyzing the microstructure of weakly cemented

sandstone, the granular and cemented members of the

weakly cemented sandstone have been generalized, and

three basic unit forms of regular tetrahedra, regular hexa-

hedra, and regular octahedra were established. Considering

granule-centered and pore-centered structures, renormal-

ization group models of weakly cemented sandstone were

established, and the rules of renormalization transformation

were derived.

The combination of granules in weakly cemented

sandstone is a collection of multiple structural forms. Using

the renormalization group method, different critical stress

thresholds were obtained by the regular tetrahedral, hexa-

hedral, and octahedral structure models. The critical stress

threshold of weakly cemented sandstone damage obtained

after iterative calculations of the basic octahedral element

model was found to be higher than those of the other ele-

ment models. The critical stress threshold obtained by

iterative calculations of the granule-centered model is

smaller than that obtained by the pore-centered model.

During the loading process of weakly cemented sand-

stone, the state of granule aggregation transforms from a

continuous state to a discrete state, representing the critical

phase transition. When the damage is less than 18.12%, the

aggregation state of the weakly cemented coarse sandstone

granules is nearly continuous; when the damage degree is

greater than 36.36%, the local granules in the shear zone

are discrete. At this time, the weakly cemented sandstone is

in a metastable state and is sensitive to disturbances.

During the loading process of weakly cemented sand-

stone, the relative stress is in the range 18.12%–36.36%,

and the high-frequency signal ratio increases while the

low-frequency signal ratio decreases. The proportion of

high-frequency acoustic emission signals increases by

83.3%, and the proportion of low-frequency signals

decreases by 23.6%. Therefore, the calculation results of

the renormalization group method of weakly cemented
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Fig. 12 Diagram of the low–high frequency conversion mode of

acoustic emission signals before the peak stress of weakly cemented

sandstone
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sandstone provide a better explanation than other approa-

ches of the high-low frequency conversion of acoustic

emissions during the loading process.
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