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Abstract
The residual subsidence caused by underground mining in mountain area has a long subsidence duration time and great 
potential harm, which seriously threatens the safety of people's production and life in the mining area. Therefore, it is 
necessary to use appropriate monitoring methods and mathematical models to effectively monitor and predict the residual 
subsidence caused by underground mining. Compared with traditional level survey and InSAR (Interferometric Synthetic 
Aperture Radar) technology, GNSS (Global Navigation Satellite System) online monitoring technology has the advantages 
of long-term monitoring, high precision and more flexible monitoring methods. The empirical equation method of residual 
subsidence in mining subsidence is effectively combined with the rock creep equation, which can not only describe the 
residual subsidence process from the mechanism, but also predict the residual subsidence. Therefore, based on GNSS online 
monitoring technology, combined with the mining subsidence model of mountain area and adding the correlation coefficient 
of the compaction degree of caving broken rock and the Kelvin model of rock mechanics, this paper constructs the residual 
subsidence time series model of arbitrary point on the ground in mountain area. Through the example, the predicted results 
of the model in the inversion parameter phase and the dynamic prediction phase are compared with the measured data 
sequence. The results show that the model can carry out effective numerical calculation according to the GNSS monitoring 
data of any point on the ground, and the model prediction effect is good, which provides a new method for the prediction of 
residual subsidence in mountain mining.

Keywords  Underground mining in mountain area · Residual subsidence · GNSS online monitoring · Mathematical model · 
Subsidence prediction

1  Introduction

While promoting the development of industry and human 
civilization around the world, coal inevitably leads to many 
environmental problems, one of which is ground subsid-
ence caused by mining. For a long time, the research on 
ground movement caused by mining mainly focuses on 
the initial period, active period and weakening period of 
ground point movement, because the main movement and 
deformation occur in this period, and it is generally believed 
that the ground has been basically stable after the weak-
ening period (Vervoort 2016; Cai et al. 2023; Qin and Li 
2014). However, more and more studies have shown that 

the process of ground subsidence after mining can last for 
months to decades or even hundreds of years (Yi 2016; Duo 
et al. 2022; Zhang 2017). Many countries have security and 
environmental problems caused by residual subsidence. For 
example, more than 20 years after the end of mining in a 
mine in Shanxi, China, a large range of cracks appeared in 
the village houses near the old mining area (Li 2014). In the 
United States, the residual subsidence of mining forms a 
large area of subsidence depression, resulting in many for-
mer ranches flooded (Tajduś et al. 2021). Many coal mines 
are mined in mountainous areas. For example, about 1/3 coal 
mines in China are located in mountainous areas; 90% of the 
main producing areas of Russian coal are located in eastern 
and western Siberia. The terrain in mountainous areas is 
complex and changeable, and the influence of residual sub-
sidence caused by mining is far greater than that in plain 
areas (Sun 2018; Shen 2017; He 2003). Therefore, for the 
safety of human production and life and the protection of the 

 *	 Xugang Lian 
	 lianxugang@tyut.edu.cn

1	 School of Mining Engineering, Taiyuan University 
of Technology, Taiyuan, China

http://crossmark.crossref.org/dialog/?doi=10.1007/s40789-024-00685-x&domain=pdf


	 X. Lian et al.   27   Page 2 of 14

mining environment, it is necessary to research the residual 
subsidence of underground mining in mountainous areas. 
The subsidence development of ground points after mining 
is shown in Fig. 1.

In order to monitor the residual subsidence of the min-
ing area, the traditional method is level survey and traverse 
measurement. Although the traditional monitoring method 
has high precision, it has high working intensity and poor 
real-time data. For the mountainous terrain, it is not only 
more difficult to measure, but also the measurement accu-
racy will be greatly decreased. With the development of new 
technologies, especially the development of remote sensing 
technology, many scholars have used InSAR technology 
to monitor the long-term residual subsidence after mining 
(Modeste et al. 2021; Shi et al. 2020; Liu et al. 2014; Wang 
2015; Xu et al. 2017). InSAR technology can monitor the 
weak subsidence of the ground, and the monitoring time 
span is large and the precision is high, which makes InSAR 
have unique advantages in monitoring the micro-deforma-
tion of the ground. However, InSAR technology not only 
has a long satellite observation period, but also has seri-
ous time and geometric decorrelation, which reduces the 
reliability of InSAR monitoring. (Yang et al. 2017). With 
the development and improvement of GNSS system, GNSS 
online monitoring technology has been more and more used 
in ground monitoring of mining areas. GNSS online moni-
toring technology has high monitoring accuracy and rapid 
and flexible network deployment. It can monitor the ground 
subsidence movement of mining areas in real time and can 
accurately predict potential geological disasters. However, 
when the GNSS satellite signal is interfered or occluded, the 
monitoring accuracy and reliability will be greatly decreased 
(Xue 2012). For the monitoring of residual subsidence in 
underground mining in mountainous areas, which is mostly 
located in non-urban areas covered by cultivated land or 

vegetation, with the characteristics of large terrain fluctua-
tion, complex terrain, high occlusion and strong reflection. 
The traditional monitoring method is difficult to measure 
and consumes human and financial resources, which is not 
suitable for the monitoring of residual subsidence in under-
ground mining in mountainous areas. InSAR and GNSS 
technologies are also affected by the above characteristics 
and thus affect the accuracy of monitoring, but GNSS tech-
nology can select the location with better observation condi-
tions to arrange monitoring points. Therefore, this research 
uses GNSS technology to monitor the residual subsidence 
of mining in mountainous areas online.

The movement of overlying strata and ground caused 
by mining is a complex space–time process. The residual 
subsidence of mining area as the dense subsidence of rock 
mass continues to appear on the ground, and its movement 
law is consistent with the mining subsidence law during the 
ground movement period (Wang and Zhang 2005). For the 
simulation and prediction of residual subsidence in mining 
area, there are empirical equation method (Wang and Deng 
2015; Bai et al. 2009; Guo et al. 2021), prediction theory 
based on time function (Jia 2018; Li et al. 2022), viscoelastic 
prediction model based on rock mechanics (Zhu et al. 2014), 
similar material simulation (Xu et al. 2015), numerical simu-
lation experiment (Yi 2016), simulation prediction based on 
data processing (Chen 2019; Wang 2020; Zhang and Zhang 
2021). Through comparative analysis, it is found that the 
methods based on rock mechanics and numerical simula-
tion involve many physical and mechanical parameters and 
are not convenient for application, but they can explain the 
causes of rock strata and ground movement and fragmenta-
tion from the mechanical mechanism. The parameter deter-
mination of empirical equation method is easy and practi-
cal. The dynamic process prediction method based on time 
function and data processing has few model parameters and 
is easy to determine, but it is seriously separated from the 
actual mining process (Cui et al. 2022). In addition, most of 
the existing mathematical models of residual subsidence in 
mining areas are based on plain mining areas, and the maxi-
mumed mathematical models hinder the research of residual 
subsidence in underground mining in mountainous areas.

2 � Research method

2.1 � GNSS observations and processing

GNSS online monitoring of mining subsidence in the mining 
area is a real-time continuous monitoring of the subsidence 
deformation of the ground of the mining area in the time 
and space domain by using professional GNSS monitoring 
equipment. Its working principle is carrier phase difference 
technology. The base station transmits its carrier observation 

Fig. 1   Ground point subsidence development and subsidence velocity 
curve
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and station coordinate information to the monitoring station 
in real time through the communication link. The monitor-
ing station receives the carrier phase of the GNSS satellite 
and the carrier phase from the reference station, and forms 
the phase difference observation value for real-time process-
ing, which can give centimeter-level or even millimeter-level 
positioning results in real time, and the user can obtain the 
mining subsidence information in real time through the cli-
ent. The principle of GNSS online monitoring is shown in 
Fig. 2.

GNSS observations are inevitably affected by the com-
plex environment of mountainous areas, resulting in a large 
number of gross errors. The residual subsidence process of 
mining is a small deformation, so it is necessary to effec-
tively process the original GNSS observations with gross 
errors. The gross errors of GNSS observations in mountain-
ous areas mainly come from external periodic pulse interfer-
ence, sensor noise and observation process noise. In order 
to eliminate the above errors, this paper successively uses 
median average filtering and Kalman filtering to denoise 
the original GNSS observations, and then uses the built-
in Smooth Spline function in MATLAB to fit the filtered 
discrete data.

2.1.1 � Median average filtering

The median average filtering is to remove a maximum value 
and a minimum value in the collected subsidence data, and 
then average the remaining data. It can effectively overcome 
the fluctuation interference caused by accidental factors and 
has a good inhibitory effect on periodic interference.

2.1.2 � Kalman filter

Kalman filtering is a recursive algorithm for dynamic data 
processing. It combines the dynamic information of the tar-
get with the observation results to suppress the influence 

of noise and obtain an estimated value. The filtering body 
is divided into two processes: system state prediction and 
system state update. The GNSS observations of residual sub-
sidence will be updated in real time, and Kalman filter con-
forms to this characteristic (Chen 2019). Therefore, Kalman 
filter can minimize the interference of noise to obtain more 
accurate values.

1.	 System state prediction equation

 The system state prediction equation is shown in Eq. (1).

where X(t) is the system state at time t , A is the state transi-
tion matrix, B is the system model parameters, U(t) is the 
control quantity of the system at t time, W(t) is the process 
noise.

2.	  System state update equation

 The system state update equation is shown in Eq. (2).

where P(t) is the measured value at time t , H is the parame-
ter of the measurement system, V(t) is the observation noise.

2.1.3 � Smooth spline function

Smoothing Spline is used for function fitting of discrete data 
after filtering. The fitting principle is to find a fitting function 
f (t) for all functions with second-order continuous deriva-
tives, which can minimize the value of Eq. (3) and RSS can 
be understood as a penalty coefficient.

where � is a constant called the smoothing coefficient.

2.2 � Residual subsidence time series model 
in underground mining in mountainous areas

In order to build a time series model of residual subsidence 
in underground mining in mountainous areas to describe or 
predict the residual subsidence of single ground point, at least 
the relationship between the residual subsidence of ground 
point and time in mountain area is needed, which is the core 
idea behind the method. The probability integral method is 
one of the empirical equation methods for residual subsidence. 
The Kelvin model of rock mechanics can well reflect the creep 
process of rock during residual subsidence (Zhu et al. 2014). 
For this reason, this section constructs the relationship between 

(1)X(t) = AX(t − 1)� + BU(t) +W(t)

(2)P(t) = HX(t) + V(t)

(3)RSS(f , �) =

N
∑

i=1

{

yi − f (ti)
}2
+�∫

{

f ��(m)
}

dt

Fig. 2   Principle of GNSS online monitoring
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residual subsidence of single ground point in mountainous 
area based on probability integral method, and then uses Kel-
vin model to construct the relationship between residual sub-
sidence and time.

2.2.1 � Calculation of residual subsidence at arbitrary point 
of ground in underground mining in mountainous 
areas

The probability integral method believes that the ground 
movement caused by mining is a random event, and the profile 
equation of the subsidence depression caused by mining can 
be expressed as an integral equation of the probability density 
function (Hu 2019). The same coordinate system as the prob-
ability integral method is used for the ground movement and 
subsidence in the mountain area. The essence of the calcula-
tion of ground movement and subsidence in mountainous or 
hilly areas is to add the influence of mining slip caused by 
topographic changes on the basis of the flat probability integral 
method. In the case of known topography, geology and mining 
conditions, the subsidence of arbitrary point on the ground of 
mountainous or hilly areas within the mining influence range 
can be calculated (He 2003).

The line passing through the inflection point of the down-
hill boundary of the inclined main section of the mined-out 
area and parallel to the strike is the x-axis, and the line pass-
ing through the inflection point of the left boundary of the 
main section of the mined-out area and parallel to the inclined 
direction is the y-axis. The subsidence calculation equation of 
arbitrary point in the ground movement period in the mountain 
area W �(x, y) is as follows (He 2003):

(4)

W �(x, y) = W(x, y) + Dx,y{P[x] cos
2 �+

P[y] sin2 � + P[x]P[y] sin2 �×

cos2 � tan2 ��

x,y
}W(x, y) tan2 ��

x,y

(5)P[x] = P(x) + P(l − x) − 1

(6)P[y] = P(y) + P(L − y) − 1

(7)
P(x) = 1 + A exp

[

−
1

2

(

x

r
+ P

)2
]

+

Wm exp

[

−T
(

x

r
+ P

)2
]

(8)
P(y) = 1 + A exp

[

−
1

2

(y

r
+ P

)2
]

+

Wm exp

[

−T
(y

r
+ P

)2
]

where W(x, y) is the subsidence of arbitrary point (x, y) on 
the plain land under the same geological and mining techni-
cal conditions. �′

x,y
 is the dip angle of point (x, y) on the ter-

rain trend ground. � is the ground tilt direction angle of point 
(x, y).Dx,y is the ground characteristic coefficient of point 
(x, y) . P[x]、P[y] are the landslide influence function of point 
(x, y) on the main section of tendency and inclined. A、P、T  
are the parameters of the landslide influence function。Wm 
is the maximum subsidence under the geological mining 
conditions. l is the calculated length of maximumed mining. 
L is the calculated length of inclined working face。

Then the calculation equation of arbitrary point (x, y) 
subsidence W(x, y) is:

where Way
 is the subsidence of (x, y) point at the projection 

point ay inclined to the main section. Cxm is the full mining 
coefficient of the main section.

The ground movement caused by underground mining 
tends to be stable during the residual subsidence period. 
However, a large number of studies have shown that bulk-
ing is a characteristic of the increase in the fracture vol-
ume of intact rock mass (Palchik 2015). There are a large 
number of voids in the mined-out area and the overlying 
strata due to the bulking of the caving rock, the fracture 
of the rock strata and the separation of the strata. Under 
the action of long-term load, it is theoretically possible 
to be compacted and to the original rock state, that is, 
there is a ground maximum residual subsidence coefficient 
qc = 1 − q.However, the possibility of caving broken rock 
being compressed back to the original state is very small. 
Therefore, the ground maximum residual subsidence coef-
ficient can be further expressed as (Cui et al. 2020, 2022):

where q is the subsidence coefficient; n is a coefficient 
related to the compaction degree of caving broken rock, 
referred to as rock coefficient.0 < n < 1 , when n = 1 , the 
caving broken rock is compressed to the original rock state.

Thus, the maximum residual subsidence Wc(x, y) at arbi-
trary point (x, y) on the ground is as follows:

Mining residual subsidence is the continuation of tradi-
tional mining subsidence. Substituting Eq. (11) to Eq. (4), 
The maximum residual subsidence W �

c
(x, y) of arbitrary 

point in underground mining in mountainous areas is as 
follows,

(9)W(x, y) = Way
Cxm

(10)qc = n(1 − q)

(11)Wc(x, y) = W(x, y)
qc

q
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2.2.2 �  Residual subsidence time series process of arbitrary 
point in underground mining in mountainous areas

The Kelvin model in rock mechanics can well reflect the 
creep process of rock in the residual subsidence stage of 
mining (Zhu 2014). In the residual subsidence stage, with 
the increase of time, the broken rock mass and cavity in the 
mined-out area are compacted to stability, and the resid-
ual subsidence tends to the maximum residual subsidence 
W �

c
(x, y) . Therefore, the residual subsidence time series func-

tion of arbitrary ground point (x, y)  is:

where � is the influence parameter of creep equation.

2.3 � Inversion of model parameter

Suppose that GNSS observations Wci
(i = 1, 2,⋯ ,m) of 

residual subsidence at arbitrary point m days are obtained 
within time (t0, t1,⋯ , tn) . Under the condition that the geo-
logical conditions of the mining area are known, m equa-
tions can be obtained according to the functional relation-
ship between the residual subsidence of the ground point and 
the time. Let rock coefficient and creep equation influence 
parameter P = [n, �] as model parameters, according to the 
criterion of minimizing the sum of squared errors, the pro-
cess of inverting the optimal parameter P can be expressed 
as an unconstrained optimization problem.

where SSE is the sum of squared errors, Ŵc is the residual 
subsidence model value of ground point i.

Establish fitness function,

The PSO (particle swarm optimization) algorithm is easy 
to implement, has high precision and fast convergence speed, 
can find the optimal value of the parameters, and can reduce 
the parameter error of the predicted model. Therefore, the 
PSO algorithm is proposed to invert the optimal parameters. 
Considering that the algorithm is sensitive to the initial data 
and parameters, it is easy to fall into the local optimum. 
Therefore, this paper increases the randomness method so 

(12)

W �
c
(x, y) = Wc(x, y) + Dx,y{P[x] cos

2 �+

P[y] sin2 � + P[x]P[y] sin2 �×

cos2 � tan2 ��

x,y
}Wc(x, y) tan

2 ��

x,y

(13)Wc(x, y, t) = W �
c
(x, y)(1 − e−�t)

(14)SSE = min
p

[

m
∑

i=1

(Ŵci
−Wci

)2

]

(15)f (P) =

m
∑

i=1

(Ŵci
−Wci

)2

that the particles have more opportunities to jump out of the 
local optimum, that is, on the basis of the lithology classi-
fication of overlying strata above the working face and the 
provisions of the literature, multiple different initial posi-
tions are used to run the algorithm to find the global optimal 
solution of the parameters.

2.4 � Prediction of residual subsidence 
in underground mining in mountainous areas

After the optimal model parameter P of the residual subsid-
ence time series model of underground mining in mountain-
ous areas at the ground point is obtained by the least squares 
inversion optimized by the PSO algorithm, the residual 
subsidence of the period (tn−m,⋯ , tn,⋯) can be predicted 
according to the Eq. (16).

Similarly, the residual subsidence of the remaining 
ground points can also be calculated by the above method. 
Figure 3 is the flow chart of the residual subsidence model.

3 � Experimental research of model 
establishment

3.1 � Study area and GNSS observations acquisition

The study area is located in the Yangquan mining area in 
eastern Shanxi Province, China (Fig. 4). The topography 
of the mining area is complex and crisscrossed by gullies. 
The ground is mainly covered by farmland and deciduous 
broad-leaved forest. The terrain in the mining area is high in 
the northwest, low in the east and south, and the maximum 
relative height difference can reach 179 m. In this case, the 
high occlusion and strong reflection characteristics of the 
mining environment will cause serious interference to GNSS 
observations.

There are two working faces (P01 and P02) in the 
mining area, which are excavated from south to north 
on March 1st,  2019 and from north to south on June 
27th, 2019 respectively, and the mining ends on April 
5th, 2020 and March 1st, 2020 respectively. The mining 
depth is deep (about 340–550 m) and the mining height is 
large (about 3–8 m). Considering the location of coal min-
ing face and the influence of topography and vegetation, 
six GNSS monitoring stations and one base station were 
installed at six different positions on the ground of the 
region on August 22nd, 2019, and the observations began 
at the end of August 2019. The positional relationship 

(16)Ŵc(i, j, tk) = W �
c
(i, j)(1 − e−𝜆tk ), k = n − m,⋯ , n,⋯
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Fig. 3   Establishment process of residual subsidence model of arbitrary point on the ground of underground mining in mountainous areas based 
on GNSS online observation

Fig. 4   Location and landform of the study area
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Fig. 5   GNSS monitoring stations location

Fig. 6   Data acquisition base station and monitoring station. a GNSS base station b GNSS monitoring station

Table 1   Data table of GNSS 
monitoring stations

GNSS monitoring sta-
tions

Observation start time Observations end time Sampling 
frequency

P-1 2019-08-31 2021-12-15 1.5 h
P-2 2019-08-31 2021-12-15 1.5 h
P-3 2019-08-31 2021-04-15 1.5 h
P-4 2019-08-31 2021-12-15 1.5 h
P-5 2019-08-31 2021-05-25 1.5 h
P-6 2019-08-31 2021-12-15 1.5 h
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between these two working faces and seven GNSS stations 
is shown in Fig. 5. Figure 6 is data acquisition.

The data collected by six GNSS monitoring stations in 
this experiment are shown in Table 1.

3.2 � Data processing

Based on all the data collected by the six GNSS monitor-
ing stations, the relative subsidence data of each station are 
obtained based on the first observed subsidence data, as 

shown in Fig. 7. The results show that there are a lot of gross 
errors in the original GNSS observations, with an average 
deviation of 47 mm and a maximum deviation of 118 mm.

3.2.1 � Median average filtering and Kalman filtering

 The median average filtering eliminates the occasional 
pulse interference (such as occasional human interference) 
in the GNSS original observation subsidence data, and sup-
presses the periodic interference (such as electric current, 
temperature). On this basis, Kalman filter further eliminates 
the interference and influence of process noise and sensor 
noise. After two kinds of filtering, the absolute error of the 
data is smaller, the data is more stable, and the average rela-
tive deviation is only 5 mm. Taking the observations of the 
monitoring station P-3 as an example, the subsidence values 
before and after filtering are compared, and the results are 
shown in Fig. 8.

3.2.2 � Smoothing spline function fitting and changing time 
benchmark

 After filtering and denoising, the GNSS observations fluc-
tuate around the true value on average. In order to study 
the residual subsidence, the Smoothing Spline function of 
MATLAB is used to fit the subsidence curve closer to the 
real value according to the discrete data. By averaging the 
data of one day, the time benchmark is unified to one day, 
as shown in Fig. 9.

Fig. 7   The original observation subsidence data sequence of GNSS 
monitoring stations during the experiment

Fig. 8   Filter denoising processing of GNSS original observation subsidence data. a Comparison before and after filtering b The details of com-
parison before and after filtering
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3.3 � Dynamic residual subsidence time series model 
of underground mining in mountainous areas 
based on GNSS online observation

3.3.1 � Determination of time series model parameters 
of residual subsidence in underground mining 
in mountainous areas

The high-precision DOM (Digital Orthophoto Map) and 
DEM (Digital Elevation Model) obtained by the UAV 
(Unmanned Aerial Vehicle) in the early stage of the experi-
ment were used to extract the topography and geomor-
phology of the six monitoring stations in the study area. 
According to the processed GNSS observations, the residual 
subsidence of all monitoring points were extracted on the 
basis of the definition of residual subsidence, as shown in 
Eq. (17). Table 2 shows the slope aspect and residual subsid-
ence time information of six monitoring points.

(17)Wk −Wi ≤ 30 mm, k = i + 179

where i is the subsidence time; Wi is the subsidence at time 
i ; k is the beginning time of entering the residual subsidence.

From Table 2, it can be seen that the four ground GNSS 
monitoring stations in the study area has entered the resid-
ual subsidence stage, but it is found that it is reactivated by 
external environmental factors during the monitoring period, 
and the ground subsidence becomes larger and no longer 
meets the definition of residual subsidence. Therefore, based 

Fig. 9   Smooth processing of GNSS observation subsidence data. a Comparison before and after smoothing b The details of the comparison 
before and after smoothing

Table 2   Information of each 
monitoring station entering the 
residual subsidence period

GNSS monitor-
ing stations

Gradient (°) Direction of 
slope (°)

Residual subsidence 
start period

Residual subsid-
ence end period

Duration 
(d)

P-1 22 236 2020-08-09 2021-02-20 195
P-2 21 246 None None None
P-3 14 305 2020-09-12 2021-03-04 173
P-4 12 284 2020-08-06 2021-02-26 204
P-5 25 293 2020-08-27 2021-05-15 261
P-6 12 165 None None None

Table 3   Some model parameters of Yangquan mining area

Parameter Value

m
15

6.51 m
m

8
2.94 m

q 0.83
tan � 2.3
A 2 π
P 2
T π
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on the residual subsidence before activation, this paper 
studies the residual subsidence stage of ground monitoring 
points in the study area.

According to the mining conditions of the mining area 
and the geological data such as the rock movement observa-
tion report of the working face, all the parameters in Eq. (13) 
are determined. Some parameters in the model are shown 
in Table 3.

More specifically, this experiment uses the observations 
of four GNSS monitoring stations (P-1, P-3, P-4, P-5) in 
the mining area during the residual subsidence period to 
invert the model parameters and verify the accuracy. In order 
to avoid the influence of systematic errors in the experi-
ment, the same dynamic prediction duration (30 days) is 
selected for the measured residual subsidence with differ-
ent durations, that is, the observation value from the begin-
ning of residual subsidence to 30 days before the end of 
residual subsidence is used to invert the optimal parameter 
Pi = [ni, �i], i = 1, 3, 4, 5 of the model in this paper, and the 
dynamic residual subsidence prediction is carried out from 
30 days before the end of residual subsidence to the end of 
residual subsidence. We set the particle size, the maximum 
number of iterations, and the maximum particle velocity of 
the PSO algorithm to 50,100, and 10, respectively. Finally, 
the optimal parameter results of the four GNSS monitoring 
stations are shown in Table 4.

3.3.2 � Prediction of residual subsidence using time series 
model of residual subsidence in underground mining 
in mountainous areas

After determining the model parameters of the time series 
model of residual subsidence in underground mining in 
mountainous areas at the above four monitoring points, the 
Eq. (16) can be used to predict the residual subsidence value 
of the ground of the monitoring point from the beginning to 
the end of the residual subsidence period based on the model 
in this paper. The result is shown in Fig. 10. From the dia-
gram, it can be seen that the residual subsidence prediction 
curve based on the residual subsidence time series model of 
underground mining in mountainous areas basically coin-
cides with the measured value curve in the inversion param-
eter phase and the dynamic prediction phase, which is in line 
with the mining residual subsidence law of the mining area.

3.4 � Accuracy assessment of residual subsidence 
prediction

The average error and median error of the predicted values 
of the four stations in the study area based on the residual 
subsidence time series model of underground mining in 
mountainous areas in the inversion parameter phase, the 
dynamic prediction phase and the measured values are 
shown in Table 5.

From the Table 5, it can be seen that the average error of 
the residual subsidence prediction results of the four moni-
toring station observation data based on the residual subsid-
ence time series model of underground mining in mountain-
ous areas established in this paper is small in the inversion 
parameter phase and the dynamic prediction phase. The 
maximum average error in the inversion parameter phase is 
5.3 mm, and the minimum average error is 2.0 mm; in the 
dynamic prediction phase, the maximum average error is 
4.3 mm and the minimum average error is 0.1 mm. In addi-
tion, the maximum error of the predicted value in the inver-
sion parameter phase is 6.5 mm, and the minimum value 
is 2.3 mm; in the prediction dynamic phase, the maximum 
error is 4.6 mm, and the minimum is 0.2 mm.

In addition, it can be seen from Tables 2 and 5 that the 
larger the ratio of the inversion parameter period to the 
dynamic prediction stage of the residual subsidence pre-
diction process, the higher the prediction accuracy of the 
residual subsidence. On the contrary, the smaller the ratio 
is, the lower the prediction accuracy of residual subsid-
ence is.

It shows that the time series model of residual subsidence 
in underground mining in mountainous areas established in 
this experiment has good adaptability, high correlation of 
nonlinear fitting, and can realize high precision prediction 
of residual subsidence time series at any point on the ground 
of mountain area.

4 � Model applicability analysis

 In order to demonstrate that the residual subsidence time 
series model of underground mining in mountainous areas 
proposed in this paper has strong applicability, the data of 
the study area in Reference (Cui et al. 2020) (Lingxin mining 
area in Ningxia, China) are used for experimental analysis. 
According to Reference (Cui et al. 2020), the residual sub-
sidence observed by the GNSS LX 2–4 in the study area 
was 24 mm in the first year (December 29, 2015-Decem-
ber 29, 2016), 37 mm in the second year (December 29, 
2016-December 29, 2017), and 22 mm in the third year 
(December 29, 2017-July 28, 2018). According to this, the 
residual subsidence of the ground point is shown in Table 6.

Table 4   The optimal parameters of the model for the observations of 
each monitoring station

 Parameter P-1 P-3 P-4 P-5

n 0.5 0.5 0.5 0.7
� 0.0003 0.0001 0.0004 0.0001
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Combined with the literature and the observation data 
of working face rock movement in Lingxin mining area of 
Ningxia, all the known parameters in Eq. (13) are deter-
mined. Some parameters in the model are shown in Table 7.

According to the functional relationship between the 
residual subsidence of the ground point and the time, 
three equations can be obtained. At this time, only two 
parameters n and �  (rock coefficient, creep equation influ-
ence parameters) need to be determined. Therefore, it is 

feasible to optimize the model parameters by PSO based 
on three sets of residual subsidence. Similarly, we set the 
particle size, the maximum number of iterations, and the 
maximum particle velocity of the PSO algorithm to 50,100, 
and 10, respectively. Finally, the optimal model parameter 
P = [n, �] = [0.5, 0.0008] of the monitoring point LX 2–4, 
according to Eq. (16), the results of the residual subsidence 
prediction value in the inversion parameter phase are shown 
in Table 8.

Fig. 10   The comparison between the predicted value of the GNSS 
monitoring station based on the model in this paper and the measured 
value in the inversion parameter phase and the dynamic prediction 
phase. The black dotted line indicates the beginning period of resid-

ual subsidence, and the orange dotted line indicates the prediction 
period of residual subsidence. a P-1 monitoring station b P-3 moni-
toring station c P-4 monitoring station d P-5 monitoring station
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The residual values of the model values and the measured 
values of the LX 2–4 are shown in Table 9.

The results show that the residual subsidence prediction 
value of the monitoring point LX 2–4 is not much different 
from the actual value in the inversion parameter phase, and 
the fitting effect is preferable. The average absolute value of 
the residual is 7.3 mm, and the maximum residual is 12 mm 
in the first year. However, it is impossible to predict the 
dynamic residual subsidence of the mining area. The main 
reason is that there are too few data samples and lack of orig-
inal data of literature experiments. In addition, the terrain 
of the mining area is flat, and the model is still applicable. 
Only the ground characteristic coefficient ( D ) in Eq. (12) is 
assigned to 0, which proves that the model is applicable to 
both mountain and plain mining areas.

5 � Discussion

(1)	 Due to the complex and changeable terrain and dense 
vegetation in mountainous areas, it is more and more 
difficult to monitor the residual subsidence in under-
ground mining in mountainous areas. The leveling 
measurement is time-consuming and labor-intensive. 
The InSAR is affected by the characteristics of high 
occlusion and strong reflection due to the undulating 
terrain and dense vegetation cover in mountainous 
areas, and its monitoring accuracy is greatly reduced. 
The GNSS online monitoring technology has the char-
acteristics of high monitoring accuracy, rapid and 
flexible network layout and strong applicability. This 
paper comprehensively compares the advantages and 
disadvantages of the above monitoring technologies, 
and selects GNSS online monitoring technology as the 
optimal means to monitor the residual subsidence of 
underground mining in mountainous areas.

(2)	 Most studies have not explained the processing of 
GNSS original observations in detail. The gross error 
elimination of GNSS original observations is an indis-
pensable step. The gross error of GNSS monitoring 
in underground mining in mountainous areass is more 
serious. This paper proposes a method of using Median 
average filtering, Kalman filtering and Smoothing 
Spline function, and describes in detail. In addition, 
experiments show that this method can effectively 
eliminate errors in GNSS original observations.

(3)	 Cui et al. (2020) proposed the coefficient of residual 
subsidence in mining area related to the compac-
tion degree of caving broken rock. Zhu et al. (2014) 
obtained the function of residual subsidence and time 
based on the Kelvin model of rock mechanics. The 
residual subsidence process is the continuation of the 
traditional mining subsidence. In view of the blank of 

Table 5   Accuracy evaluation of time series model of residual subsid-
ence in underground mining in mountainous areas

Monitoring 
stations

Inversion parameter phase Dynamic prediction 
phase

Average 
error (mm)

Median 
error (mm)

Average 
error (mm)

Median 
error 
(mm)

P-1 2.0 2.3 3.3 3.3
P-3 2.5 2.9 4.3 4.6
P-4 2.1 2.4 0.7 0.8
P-5 5.3 6.5 0.1 0.2

Table 6   Observations sequence of GNSS LX 2–4

Time  (d) Residual subsidence (mm)

366 24
731 61
943 83

Table 7   Model parameters of Ningxia mining area

Parameter Value

m 2.97 m
� 14°
q 0.904
D 0
H 162 m
n 0.5
tan � 3
S
1

12.4 m
S
2

12.4 m
S
3

12.4 m
S
4

12.4 m

Table 8   The results of the residual subsidence prediction value of the 
monitoring point LX 2–4 in the inversion parameter phase

Time  (d) Residual subsidence (mm)

366 36
731 62
943 74

Table 9   The residual values of each time of LX 2–4

Time  (d) Absolute value of residual (mm)

366 12
731 1
943 9
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the time series model of residual subsidence in under-
ground mining in mountainous areas, based on the sub-
sidence model of underground mining in mountainous 
areas proposed by He. (2003), this paper introduces 
the correlation coefficient of compaction degree of 
caving broken rock and the Kelvin model function of 
residual subsidence and time, and constructs the resid-
ual subsidence time series model of arbitrary point in 
underground mining in mountainous areas. The GNSS 
observations of Yangquan and Ningxia mining areas in 
China prove that the model has high predicted accuracy 
and strong applicability.

(4)	 The traditional method of least squares inversion model 
parameters is often difficult to achieve and easy to fall 
into local circulation. In this paper, the PSO algorithm 
is used to optimize the least squares to invert the opti-
mal parameters. The algorithm is simple and has the 
ability of global search, and the model parameters 
obtained are more accurate.

6 � Conclusions

(1)	 Due to its undulating terrain and high occlusion and 
strong reflection environment in mountainous areas, 
GNSS monitoring equipment will be affected by 
uncontrollable environmental and human factors dur-
ing the observation process. Therefore, compared with 
the flat mining area, the GNSS original observations in 
the mountainous area has more gross errors. Through 
median average filtering, Kalman filtering and Smooth-
ing Spline function, the denoising processing of GNSS 
original observations in mountainous areas can be 
effectively realized.

(2)	 Based on the probability integral method and the coef-
ficient of residual subsidence stage related to the degree 
of compaction of caving broken rock, the residual sub-
sidence relationship of single ground point in moun-
tainous area is constructed. Based on the Kelvin model 
of rock mechanics, the relationship between residual 
subsidence and time is studied, and the time series 
model of residual subsidence in mountainous area is 
proposed.

(3)	 Through the GNSS observations of the residual sub-
sidence period of the four GNSS monitoring stations 
in the study area, the residual subsidence time series 
model of underground mining in mountainous areas is 
applied, and the PSO algorithm is used to optimize the 
least squares fitting to find the optimal model param-
eters. The residual subsidence of the four monitoring 
points was predicted, including a 30-day dynamic 
residual subsidence prediction, and the accuracy was 

evaluated. The results show that the time series model 
of residual subsidence in underground mining in moun-
tainous areas can accurately describe the residual sub-
sidence of mining area under mountain terrain, and can 
reasonably and accurately predict the residual subsid-
ence.

(4)	 It is found that the model is also applicable to the case 
of flat mining area, which proves that the model has 
high predicted accuracy and strong applicability. How-
ever, due to the lack of original data, the number of 
samples in the verification experiment is small and the 
dynamic residual subsidence prediction cannot be car-
ried out. This is a regret of this research.
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